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Abstract 

According to the Ringel-Green Theoremf [G] . [RT] ) . the generic compo- 
sition algebra of the Hall algebra provides a realization of the positive part 
of the quantum group. Furthermore, its Drinfeld double can be identified 
with the whole quantum group ( [X ] . |X Y| ) , in which the BGP-reflection 
functors coincide with Lusztig's symmetries. We first assert the elements 
corresponding to exceptional modules lie in the integral generic composi- 
tion algebra, hence in the integral form of the quantum group. Then we 
prove that these elements lie in the crystal basis up to a sign. Eventually 
we show that the sign can be removed by the geometric method. Our 
results hold for any type of Cartan datum. 

1 Introduction 

Let A be a symmetrizable generalized Cartan matrix, or A = (/,(—,—)) a 
Cartan datum in the sense of Lusztig [EI], g the corresponding symmetrizable 
Kac-Moody algebra. We have the Drinfeld-Jimbo quantized enveloping algebra, 
or the quantum group, U — U q (g) attached to the Cartan datum A. Lusztig gave 
it a series of important automorphisms, now called Lusztig's symmetries. By 
applying Lusztig's symmetries and the induced action of the braid group on U + , 
Lusztig found an algebraic approach to construct the canonical basis of U + in 
finite type. If A is of infinite type, there are much more root vectors beyond the 
set obtained by applying the braid group action on Chevalley generators of U + . 
However Lusztig's geometric method by using perverse sheaves and intersection 
cohomology to construct the canonical bases works for general infinite type. A 
different algebraic approach due to Kashiwara works for arbitrary type. He 
constructed the crystal basis and the global crystal basis (= canonical basis) 
of the negative part U~ of the quantum group. Roughly speaking, the crystal 
basis is a good basis of the quantum group at q = 0. 

Given a Cartan datum A, there is a finite dimensional hereditary fc-algebra 
A to realize it, where k is a finite field. Then we have the corresponding Hall al- 
gebra J4?(A). According to the Ringel-Green Theorem(see [G ] . [Rlj b the generic 
composition algebra ^(A) of Jf?(A), precisely of the Cartan datum A, provides 
a realization of the positive part U + of the quantum group corresponding to A. 
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With the co-multiplication of tf? ( A) given by Green in [U] , it is natural to obtain 
a Hopf algebra structure of Jif(A) by adding a torus, and then to consider the 
Drinfeld double of the Hall algebra (see [X]). Therefore, the Drinfeld double 
of the generic composition algebra XV(A) provides a realization of the whole 
U. This realization builds up a bridge between the quantum groups and the 
representation theory of hereditary algebras. Especially, it connects Lusztig's 
symmetries with BGP-reflection functors (see [X Yj ) . so this two important op- 
erators can be considered simultaneously. 

In this article, we consider a special family of elements {(u\)\X G £} in 
the Hall algebra, where £ is the set of isomorphism classes of all exceptioal A- 
modules. These elements are much more than the elements obtained by applying 
the braid group action on Chevalley generators of U + . From the work of [Z] and 
|CX] we know that these elements lie in the generic composition algebra XV (A). 
Our first result asserts in Theorem 16 . 1 1 that each (u\) lies in the integral generic 
composition algebra 'rfz(A), hence in the integral form of the positive part of 
the quantum group U% (by identifying XV (A) with U). 

The main goal of us is to relate the exceptional modules with Kashiwara's 
crystal bases. For convenience, we use the the crystal structure (L(oo), B(po)) 
in U + instead of in U~ . Our main result is (see Theorem l6.2[) that the image of 
(u\) in L(oo) I 'qL(oo) lies actually in the crystal basis B(oo) up to a sign. In the 
last section we remove the sign by comparing with Lusztig's geometric method. 
Therefore the image of (u\) in L(oo)/qL(oo) always belongs to B(oo). 

The organization of this paper is as follows: In Section^ we review some ba- 
sic facts of quantum groups and crystal bases. Then the polarization, which will 
be called Kashiwara's pairing, is defined in the positive part of quantum groups. 
For the details, see |Llj and [K] . In Section [3j we first give the definitions of 
Hall algebras and composition algebras. Following X ], we concisely restate the 
Drinfeld double structure of Hall algebras. Also, we get some important opera- 
tors r\ in the Hall algebras. Then r[ is the same as the derivation operators j[ 
when we identify the generic composition algebra with U + . The aim of Section 
His to obtain (u\) corresponding to preprojective or preinjective modules from 
the simple modules, after establishing the isomorphism between Lusztig's sym- 
metries and reflection functors. The results come from [BGPj . [R5j and |XY| . 
Section [5] gives a review of an algorithm in |CX] . This algorithm comes from 
a result of Crawley-Boevey CB , to state that any exceptional module can be 
obtained inductively from simple modules using braid group actions on excep- 
tional sequences. The main results will be stated in Section [6] In Section [7] we 
prove the first main result by a combination of algorithms in Section |4] and [5] 
Then in Section [51 we introduce Ringel's pairing in U + , and compare it with 
Kashiwara's pairing. Our second main result follows from direct calculations of 
Ringel's pairing. However, we need to remove the sign, which will be done using 
geometric methods in the last section. 

2 Quantum groups and crystal bases 

2.1 Quantum groups. Let (/,(—,—)) be a Cartan datum in the sense of 
Lusztig. i.e. I is a finite set and (— , — ) is a symmetric bilinear form Z[7] xZ[J] — > 
Z which satisfies the following conditions: 
(a) (i, i) G {2, 4, 6, ...} for any i G I. 



2 



(b) 2(i, i) E {0,-1, -2, ...} for any i ? j in I. 

Let Q = Z[7], Q+ = N[7]. Q is called the rooi lattice. For any i e J define 
s,; : Q — > Q by Sj(u) = /z * i. Sj is called a simple reflection. The 

group W is defined to be the group generated by all the simple reflections. 

Note that we can identify a Cartan datum (/, (— , — )) with a symmetrizable 
generalized Cartan matrix A = (a>ij)i,j by setting ay = 2(i,j)/(i, i). Let = 
(i,i)/2, then (£j)j is the minimal symmetrization. We have the corresponding 
Kac-Moody algebra g. 

Let Q(u) be the function field in one variable v over Q. The Drinfeld-Jimbo 
quantum group U — U q (g) is defined to be the associative Q(w)-algebra with 
generators Ei,Fi, K^, (i € I and /i £ Q) subject to the relations: 



K v Ku = K„K V = K 



K. = 1, 



K^Ej = v^EjK^, K^F 3 = v-^FjKn 



EiFj — FjEi — Si 



Ki - k: 



E (-!)' 

i=0 

1—Ctij 

E (-!)* 



EfEjEl a " t 



F F F 



= 0, (i 7^ i) 



where = u £i and we use the notations 



v — v 



11 = 



in 



and for any polynomial / G 7L\u,v~ l \ and an integer a, we denote by /„ the 
polynomial obtained from / by replacing v by v a . 

The following elementary properties of U are well known: 

(a) U has a triangular decomposition 

u ®u° ®u + , 

where U + (resp. U~) is the subalgebra of U generated by Ei (resp. Fi), i € I, 
and t/° is the subalgebra generated by ,i € 7. 

(b) U+ and f/- are Q+-graded algebras, i.e. 



IF 



where t/^ = {tt S C/ ± | ^ziJCj 1 = tr^'^u, for any i S /}. 
(c) U has a Hopf algebra structure (See |L1]). 
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Lusztig introduced an important family of automorphisms T-\ : U — > U 
called the symmetries. They are defined by 

T![ 1 {E i ) = -F i Kl\ 

Ti[ l {F i ) = -Kr^E i , 

T'^Ej) = {-lYv-^E^EiE^, for i ? j 

r-\-s— — aij 

T "x{Fi) = £ i-iyv^F^F^, for i + j 

r-\-s — — ai j 

Tl[ x {K tl ) = K Sill . 
The inverse of T/' x is T/_ x (See |ET]). 

2.2 Crystal bases of J7 + . We will briefly recall the definition of crystal 
bases following Kashiwara [K) . However, for later convenience, we will state the 
results in {/+ rather than 

There are two operators f- and f" on U + . They can be defined inductively 
as following: 

£(1) = #(1) = 

f' i {E i ) = 6 ii , fi(E j P)=v^E j f!(P)+8 ij P, 

fi'iEi) = 8 ih fKEjP) = V 7^E j f!'(P) + 6i j P. 

According to [K] we have U + = ©, i>0 -E 1 ^ ker f[. Hence we can define the 
Q(u)-linear maps Ei and Fi of [/+ by 

Bi^u) = E\ n+1) u, 

F t (El n) u) = Sf- 1 ^. 

for any u G ker 

Fi and -E; are called Kashiwara 's operators. 

Let A = n Q(«). A pair (L,B) is called a crystal basis of ?7 + if it 

satisfies the following conditions: 

(1) L is a free ^4-submodule of U + such that U + = Q(v) (E>a L. 

(2) B is a basis of the Q-vector space L/v^ 1 L. 

(3) Let L v = L n U+ and B v = B C\ (L v /v~ l L v ), we have L = ® ueQ+ L v , 
B = I_Uq + B "- 

(4) E{L C -L and FiL C L for any i. (Therefore Ei and Fi act on Ljv~ x L) 

(5) F*B cBU {0} and C B. 

(6) For any b 6 i? such that Ff6 € -B, we have EiFib — b. 

The following theorem asserts the existence of the crystal basis in U + . 

Theorem 2.1. Let L(oo) be the A-submodule ofU + generated by E^E^ ■ ■ ■ E^ ■ 
1 and -B(oo) be the subset of L(oo)/v~ 1 L(oo) consisting of the nonzero vectors 
of the form E h E l2 ■ ■ ■ E it ■ I. 

Then (L(po), -B(oo)) is i/ie crystal basis ofU + . 
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2.3 A characterization of B(oo). Kashiwara has given a nice character- 
ization of the crystal basis using the Z-form and a paring (— , —)k- 

Proposition 2.2. (a) There is a unique non- degenerate symmetric Q(v)-bilinear 
pairing (—,—)# on U + such that 

(Mk = i, 

(E l x,y) K = (x,fi(y))K- 
(b) We have (£(oo), L(oo)) K C A. 

Part (b) of this proposition implies that the form (— , — )k induces a Q- 
bilinear form (—,—)k.o on L(oo)/v~ 1 L(oo): 

(x + v~ 1 L(co),y + v~ 1 L(oc)) K ,o = (x,v)k +v~ 1 A 
for any x,y € L(oo). 

Proposition 2.3. (a) For any 61,62 € -B(oo), (61,62) = <5&i6 2 > *- e - B(oo) is an 
orthogonal normal basis of L(oo)/v -1 L(oo) with respect to the form (—,—)k.o- 
In particular, (—,—)k.o is positive definite, 
(b) L(oo) = {«£ U+\(u,u) K e A}. 

Set E\ n) = E?/[n] ei \, = F' l /[n] e A. Denote by Uz the 1[v,v- 1 ]- 

subalgebra of U generated by F^', E4 and K^, (i 6 J, /1 £ Q). Let U£ 
(resp. C/^T) be the Z[«, w~ 1 ]-subalgebra of C/ + (resp. t/~) generated by £^ n ' 
(resp. F^). Then it is easy to see that 

Uz=u z nu-, u+ = u z nu+. 

Lusztig's symmetries also act nicely on Uz, so actually Tf\ and T[ _ x are 
automorphisms on Uz- (See |L1 . 37.1.3) 

We have U% is stable under f[ and Kashiwara's operators Ei, i^. 
Set Lx(oo) = L(oo) D £/^~, then Lz(oo) is stable under £^ and Fi. 

Proposition 2.4. ('aj (— ,— )k,q * s ^-valued on Lz(oo) / 'v~ 1 L%(oo) . 

(b) -Lz(oo)/v -1 Lz(oo) is a free "Z-module with B(po) as a basis. 

(c) B(oo) U (-fl(oo)) = {«£ L z (oo)/«- 1 L z (oo)|(it,u) K ,o = 1}. 

3 Hall algebras and Drinfeld double 

3.1 The Hall algebra of a hereditary algebra. Let A be a finite- 
dimensional hereditary fc-algebra where k is a finite field of q elements. Denote 
the set of isomorphism classes of finite-dimensional A- modules by V . We can 
choose a representative V a <E a for each a £ P. Given any A- modules M and 
N, we have the Euler form: 

(M, N) = dirn fc Hom A (M, N) - dim fc Ext A (M, N). 

(M, N) depends only on the dimension vectors dimM and dim A' since A is 
hereditary, so we write (a, (3) = (V a , Vp). The Euler symmetric form (— ,— ) is 
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given by (a,/3) = (a, [3) + {(3, a). So the Euler form and the Eulcr symmetric 
form are both defined on Z[J] where I is the set of isomorphism classes of simple 
A-modules. Then A = (/,(—,—)) is a Cartan datum and any Cartan datum 
can be realized by the Euler symmetric form of a finite-dimensional hereditary 
fc-algebra (See }R4|). 

For a, ft, A G V, let g^ be the number of submodules B of V\ such that 
B = V/3 and V x /B ^ V a . 

Let v = y/q, the Hall algebra of A is a free Q(w)-module whose basis consists 
of isomorphism classes of A-modules with multiplication defined as 

u a u p = v {a '^ 3a/3"A, for all a, G V. 
xev 

We know Jf? (A) is an associative N[i]-graded Q(u)-algebra with the identity 
element uq and the grading Jt°(A) = rGN m ^ where Jif r is the Q(u)-span 
of the set {ux\X G V, dirnV k = r}. The Q(w)-subalgebra ^(A) generated by 
u.i,i G / is called the composition algebra of A. 

In this paper we are dealing with exceptional modules. A A-module Vx (A G 
V) is called exceptional if ExtA(VA, Vx) = 0, i.e. Vx has no self-extension. For 
any exceptional module Vx, we set — (1/[£]! £ (a)) u a m * ne Hall algebra, where 
e(A) = dinifcEndAVA. We have the following identities: uy — (v^Y^^Utx, 
where Utx corresponds to the direct sum of t copies of Vx- 

Now fix a Cartan datum A. Let k be the algebraic closure of k and for 
any b£N, F{ri) be a subfield of k such that [F(n) : k] = n .Then we have a 
finite-dimensional hereditary _F(n)-algebra A(n) corresponding to A. Thus we 
have a series of Hall algebras J%? = Jt?(A(n)). Define a new ring II = Iln>o 
then v — (v n ) n G LT where v n = y/\F(ri)\ = v 7 ^"- Obviously v is in the center 
of LI and transcendental over Q. Denote Ui = (iii(n)) n G LT where Ui(n) is the 
element of Jf(A(n)) corresponding to the simple A(n)-module which lies in the 
class i G I. The subring of II generated by the elements v, w _1 and Ui(i G 7), 
hence a Q(f)-algebra, is called the generic composition algebra of the Cartan 
datum A. We will denote it by ^(A). 

On the other hand, we have U + , the positive part of the Drinfeld-Jimbo 
quantum group corresponding to the Cartan datum A. By Green [G. and Ringel 
[Rlj we know that ^(A) is isomorphic to U + as associative Q(i>)-algebras, where 
Ui is sent to for each i G I. Therefore, corresponding to the Z-form of quan- 
tum groups, we can define ^z(A) to be the Z[v, u ]-subalgebra of ^(A) gen- 
erated by uf \ i G I, t G N, which will be called the integral generic composition 
algebra of the Cartan datum A. Obviously %(A) is isomorphic to U% . 

3.2 The Drinfeld double. In the Hall algebra Jf? (A), we write (u a ) = 
v -dim k v a +e(a) u ^ f or eac jj a £ V ■ Here e(a) — (a, a), which is equal to 
dim/jEndAV'tj when V a is exceptional. Then Jt?(A) can be viewed as a free 
Q(f)-algebra with basis (u a ),a G V . The multiplication formula can be re- 
placed by 

(tta>(tt/s) = 9a^x) for ah a,/3€V 

\ev 

Now we introduce the extended Hall algebra TC(A) by adding a torus to 
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(A). Let H{A) be the free Q(v)-module with the basis 

{K a (u x )\aeZ[I],\eV}. 

and extend the multiplication by 

K a (u p ) = v^{up)K a for all a E Z[J],/3 E V 
K a Kp = K a+P for all a, (3 € Z[i] 

Moreover, H(A) has been equipped with a Hopf algebra structure by Green's 
comultiplication and an antipode (See [G]. [X]). 

Let H + (A) be the Hopf algebra Tt(A) above but we write (u^) for (u\) for 
all A E V . Dually, we can define H~(A) to be the free Q(u)-module with the 
basis {K a (u^)\a E Z[J], A e T 5 }. H~(A) has a similar Hopf algebra structure 
(See [X] or 

In view of [X], we obtain the the reduced Drinfeld double 2?(A) coming from 
a Hopf algebra structure of Tt + (A) £g) Tt~ (A) , by means of a skew Hopf paring on 
H + (A) x H~(A). Then there exists the reduced Drinfeld double XV(A) of the 
generic composition algebra which is generated by uf , i £ I, and K a , a E Z[7]. 
Then IV (A) has the triangular decomposition XV (A) = tf-(A) ®T®?+(A), 
where ^~(A) is the subalgebra generated by u~ 7 i E I, c to + {A) the subalgebra 
generated by uf , i E I, and T the torus algebra. 

Theorem 3.1. (See f2]/j The map 9 : T> V (A) -> U by sending 

/or all i E I induces an isomorphism as Hopf Q(v)- algebras. 

3.3 Some Derivations. For a E V, wc define the following operators on 
Jf(A): 

ra««A)) = E W<M+(a '^^<^) 

Per x 

for all A E V, where a a = AutA(V Q ). 

The following lemma can be proved by direct calculation (similar to [CXj . 
Prop 3.2). 

Lemma 3.2. For any i E I and Ai, A2 E V , we have 

^((^ 1 )( W A 2 ))=^ Al) ( U A 1 )rU( UA2 ))+r:(( WAl ))( UA2 ). 
By the lemma above it is easy to see that 

r' i (l)=r' i ((u o ))=0 ) r' i ((u j )) = 5 ij , 

r'^iux)) = v^(u 3 )r[{(u x )) + M«A>. 
So if we restrict r[ to the composition algebra ^(A), we will have 

r[((u 3 )P) = v<U) (u s )rt(P) + SijP, for any P E tf(A) 
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Lemma 3.3. When we identify U + with the generic composition algebra, we 
have fi = r[. 

Proof. Just compare the above formulas with the definition of f[ in Section 
2.2. □ 

Also, there are two other derivations on Jif(A) which have nice properties. 
Namely, define 

f v 2\-dim k V a +e(a) ^ (^2^-dim fe V Q + £ (a) 

a & j & a r a • 

The key properties of a S and 5 a are as following (but note that here our 
definitions arc slightly different from the original ones): 

Proposition 3.4. We consider the following linear maps: 

&:JT(A) — » Hom Q(v) (jr(A),Jf(A)) 

(u\) — ► \6 
2 :^(A) — » Hom Q{v) (Jf{A),Jf(A)) 

(u\) — > S\ 

(1) (pi is an anti-homomorphism, i.e 0i((ma 1 )(wa 2 )) — 0i(( -u a 2 )) ( / ) i(( u Ai))- 

(2) (p2 is a homomorphism, i.e ^{(u^) (u\ 2 )) = >h({ u Xi))^({ux 3 ))- 

Remark 3.5. From the proposition above, we have a 5(ff(A)) C ^(A) and 
S a ( ( tf(A)) C ^(A) if (u a ) G ^(A). Moreover if (u a ) is expressed as a combi- 
nation of monomials of (ui),i G /, then a S (resp. S a ) can be expressed as the 
corresponding combination of monomials of iS (resp. 5i),i G /. 

4 Reflection functors and Lusztig's symmetries 

Given a Cartan datum A as before, there is a valued graph (T, d) corresponding 
to it (where T = (T , Ti), r the set of vertices, Ti the set of edges with |r | = /). 
We obtain (T,d,tt) by prescribing an orientation Q to (r, d), and always write 
fl for simplicity. Then let 5? = (Fi, iMj)i,j^Y be a reduced k-species of type 
ft. Denote by rep-^ the category of finite dimensional representations of 
over k. We know that the category rep-^ is equivalent to the module category 
of finite dimensional modules over a finite dimensional hereditary fc-algebra A. 
This hereditary fc-algebra A is given by the tensor algebra of J/ (See [DRj ) . 
Furthermore, any finite dimensional hereditary fc-algebra can be obtained in 
this way. 

Let p be a sink or a source of fl. We define a p S^ to be the fc-species obtained 
from by replacing r M s by its fc-dual for r = p or s — p, then o~ p 5^ is a reduced 
fc-species of type o~ p Q, where the orientation o~ p £l is obtained by reversing the 
direction of arrows along all edges containing p. 

We have the Bernstein-Gclfand-Ponomarev reflection functors : rep-o^ 

rep-a p y, see [BGP] . [PR] , 

If i is a vertex of T, let rep-^(i) be the subcategory of rep- .5^ consisting of 
all representations which do not have Vi as a direct summand, where Vi is the 
simple representation corresponding to i. If i is a sink, then o~f : rep-J^(i) — > 
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rep-OiJ? 5 (i) is an equivalence and it is exact and induces isomorphism on both 
Horn and Ext. The assertion for o~~ is the same if i is a source. 

Let A just be the tensor algebra of a fc-species 5?. We can identify mod-A 
with rcp-J^, therefore, Jif(A) can be viewed as being defined for rep- S^. We 
also use cr^A to denote the tensor algebra of aiS? and cx^A to denote the Cartan 
datum corresponding to the algebra cr^A (note that in fact o^A and A denote 
the same Cartan datum). We define Jf(A)(i) to be the Q(v)-subspace of Jif(A) 
generated by (u a ) with V a £ rep-J^i). If i is a sink or a source, since rep-J^i) 
is closed under extensions, Jf? (A)(z) is a subalgebra of J$?(A). The following 
result is due to Ringel [R5J: 

Proposition 4.1. Let i be a sink. The functor o~f yields a Q(v)-algebra iso- 
morphism Ti : Jf(A)(i) — ► J4?(aiA)(i} with Ti((u a )) = (u a + a ) for any V a £ 
rep~y(i). 

The isomorphism 7$ can be extended to the whole reduced Drinfeld double 
X>(A) as_follows (See [XT] ): 

Let ~K~ = v~ e ^K h (u a )W = (w a )*/([t]!) E(a) for a £ V and t £ N. 

For A £ V, assume that V\ = V\ (BtVi and V\ contains no direct summand 
isomorphic to Vi. Then Hom\(Vx ,Vi) = and Ext\(Vi,Vx ) = since % is 
a sink of & . Thus (u+) = v^'^ (u+) (t) (u+ > in JT+(A). We define T, : 
Jf+(A) -> V{o-iA) as follows: 

r «(«» = ^^^"W = U<A,ti> ^K) (t) (<+ Ao )- 

In particular, Ti((uf)) = (u~}Ki. 

Symmetrically we define a morphism Tj : Jf?~(A) — > X>(<7jA) as follows: 

L*J ! e(i) ; j 

for all A 6 T 5 , where V\ = V\ and V\ a contains no direct summand 
isomorphic to V,. 

Also, we extend T, ; to the torus algebra by setting Ti(K a ) = K Si ( a ) for 
a £ Z[J]. Set Ti(K a (uf)) = T^K^T^uf)). 
The following theorem can be found in [XYj . 

Theorem 4.2. Let i be a sink. The operator T induces a Q(v)-algebra isomor- 
phism: XV(A) ^ VvfaA). 

If i is a source of J^, we can define T[ (via the reflection functors a~) in the 
Hall algebra and extend it to X>(A) similarly, which also induces a Q(v )-algebra 
isomorphism: XV(A) — * XV(cjA). 

Recall that we have the isomorphism XV (A) — > J7 in Theorem 13.11 So we 
have the canonical isomorphism XV(A) XV(o"iA) by mapping (u^) i— * (uf ) 
and ATi i— > AT,; for a sink i £ I. Therefore we can identify XV(0"iA) with 
XV (A) under this canonical isomorphism. Then T induces an automorphism 
XV (A) XV (A). Similarly T/ can be viewed as an automorphism XV (A) 
XV (A) for a source i £ I. The following theorem asserts that Tj and T[ coincides 
with Lusztig's symmetries (see Section [2]). 
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Theorem 4.3. (1) Let i be s sink. Then the isomorphism Ti : XV (A) — ► 
XV (A) coincides with T-\. Namely, Ti — T" x , if we identify P^(A) with U by 
Theorem \3.1\ 

(2) Let i be a source. Then the isomorphism T[ : XV (A) — ► XV (A) coin- 
cides with T[ _ x . 

We keep the notations before. Recall that a sequence i\, - ■ ■ ,i m is called a 
sink sequence for f2, provided i\ is a sink for f2, and for 1 < t < m, the vertex 
it is a sink for the orientation o~i t _ 1 ■ ■ ■ cr^fL The definition of a source sequence 
is similar. The following proposition comes from |R5j . 

Proposition 4.4. If we identify XV (A) wif/i U, then: 

(1) For any preinjective module V a , there exists a source sequence •• ,i m 
for ft such that 

(u a ) = = T n ■ --Ti^AuiJ = nil ■ ■■TlL- 1 A E iJ- 

(2) For any preinjective module V a , there exists a sink sequence ,i m 
for ft such that 

(««) = (V 1 -^ ro _ 1 ^ ) = ^ ■ ■ ' T L-A U ^) = n u -i ■ ■ ■ TL-u-ii^J- 

5 The elements in Hall algebras corresponding 
to exceptional modules 

Let A be a finite dimensional hereditary fc-algebra as in Section [3l Denote by 
mod-A the category of finite-dimensional A-modules. 

Recall that a A-module V a is called exceptional if Ext^(V^, V a ) = 0. A pair 
of indecomposable exceptional modules (V a , Vp) is called an exceptional pair if 
HomA(V/3,Vy = Ext A (V^,Vy = 0. A sequence of indecomposable A-modules 
(V ai , V a2 , Vot n ) is called an exceptional sequence if any pair (V ai ,V aj ) with 
i < j is exceptional. An exceptional sequence (V ai , V a2 , V an ) is said to be 
complete if n = \I\. 

By Crawley-Boevey [CB] and Ringel |R2| we know that there is a nice braid 
group action on the set of complete exceptional sequences by which we can 
obtain all exceptional modules from an exceptional sequence consisting of simple 
modules. We will briefly recall the theory. 

The braid group action is based on the following results: For any exceptional 
sequence (V ai ,V a2 , V as ), let C (0:1,0:2, ...,a s ) be the smallest full subcategory 
of mod-A which contains V ai , V a2 , V ag and is closed under extensions, kernels 
of epimorphisms and cokernels of monomorphisms. C(oi,02, ...,a s ) is equiva- 
lent to mod-A' where A' is a finite dimensional hereditary algebra with s iso- 
morphism classes of simple modules. Furthermore, the canonical embedding of 
C(oi, 02, ol s ) into mod-A is exact and induces isomorphisms on both Horn 
and Ext. 

In particular, the results above holds for any exceptional pair (V a , Va). That 
is, C(a,f3) is equivalent to the module category of a generalized Kronecker alge- 
bra which has no regular exceptional modules. Hence (V a , Vp) have to be slice 
modules in the preprojective component or preinjective component of C(a, 13) or 
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the orthogonal pair, i.e. V a is the simple injective and Vp is the simple projec- 
tive. Thus, for an exceptional pair (V a ,Vp), there are unique modules L(a,/3) 
and R{a,(3) such that (L(a,(3),V a ) and (Vp, R(a, (3)) are exceptional pairs in 
C(a,/3). 

Let V = (V ai ,V a27 ...,V as ) be an exceptional sequence in mod-A. For 1 < 
i< s, Define cr;V = (Vp 1 , Vp 2 , Vp e ), where 

{VcH+i if 3 = i 

R(ai,ai + x) ifj = i + l 
V ai ifj £{*,<+!} 

Also, define a~ x V = {V lt , V l2 , V ls ), where 

{L(oLi,a i+ x) iij = i 
V ai if j = i + l 

V aj ifjg{i,i+l} 

Denote by B s -i the group generated by cri,cr 2 , ...,cr s _i. The above defini- 
tions give an action of B s ~\ on the set of exceptional sequences of length s. 
Moreover, ai, 02, cr s -i satisfy the braid relations: 

{CTitTi+iCTi = a i+1 GiUi + x for 1 < i < s — 1 
(TiCTj = (Jjdi for |i — j| > 2 

So is the braid group of s — 1 generators. In particular, in the case 

s = |/|, we have the braid group action on the set of complete exceptional 
sequences. This action is transitive according to Crawley-Boevey [CBj and 
Ringel [R2] , 

Since any indecomposable exceptional module can be enlarged to a complete 
exceptional sequence, we could obtain all indecomposable exceptional modules 
via the braid group action from any given complete exceptional sequence, in 
particular, the exceptional sequence consisting of all the simple modules. In 
CX , an explicit inductive algorithm is given to express (u\) as the combinations 
of elements (itj) if V\ is an indecomposable exceptional module. We write down 
the formulas with some modifications, for the definition of a 5 and 8 a in Section 
131 is different from that in |CX] , 



Theorem 5.1. For 1 < s < \I\, let 38 — (ax,(T2, ...,<t s _i) be the braid group on 
s — 1 generators, V — (V ai , V a2 , V ag ) any exceptional sequence of length s in 
mod-A. Denote by 

/• • , n s (<Xi,ou+i) (ai,a i+1 ) 
m(i, i + 1) = -. r- = 2- 



(oii+i,Oi+i) (a l+ i,a i+ i) 
and 

n( . . + 1)= (^±i) = 3(^+1) 
{a%,ai) [ai,ai) 

and assume that o~iV = (V^, Vp 2 , Vp 3 ), o^ x V — (V^ l: V l2 , V ls ) for 1 < i < 
s-1. 

Then, in the Hall algebra Jtff^h), we have 
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(1) If m(i, i + l) dim V^ 1 1 >dimV^ i) then 

m(i,i+l) — 1 

{llp. +1 ) = ^_^y v 2dimV a . v £(a t )^ v -£(ui +1 )^m(i : i+l) 2 -m(i,i+l)r+r) 
r=0 

xK i+1 )W5 a4 (( Uai+1 ) (mW+1) - r )). 

(2) If < m(i, £ + l) dim "Kv, , 1 < dim V^, , £ften 

[m(i,i+ l)]! e ( a<+1 ) 

(3) Ifm(i,i+ 1) < 0, i/ien 



-m(i,i+l) 



= E (-i) r (^ re(Qi+i) )K l+1 ; 



w («JK +1 ) hm(, ' ,+1) - r) 



r=0 



(1') If n(i, i + l) dim Kt, > dim V^,. 1 1 , then 
n(v+l)-i 

(u r ) = E (-l) r ^I 2 ' ^^ ™ ^v ' Q i+l^) £ ( Ql + 1 )( ^ ;- e ( Q •))(™( ^ ' ^ + 1 ) 2 -' ^ ( ^ ' ^ + 1 ) , '+ , ') 

r=0 

x( ai+1 5(K> (B(i ' i+1) - r) ))K,> (r) . 
(2')//0 < ra(i,z + l)dimV" Qi < djmT4 !+1 , then 

y2n(i,i-\-l)dimV a 



[n(i,t + l)]! e(a( 
(3')Ifn(i,i + l) < 0, then 



-(S ai ) n{i ' i+1) ({u ai+1 )). 



— n(i,i-\-l) 

K>= E (-i) r (^ r£K) )K s >~ n(M+1) - r (^ I+1 )(^) (r) . 

r=0 

By this theorem we can see that for any indecomposable exceptional module 
V\, (u\) lies in the generic composition algebra ^(A). 

6 Main results 

We keep the notations as before. In this section we will identify the quantum 
group U (resp. the positive part U + , the Z-form U^) with the reduced Drinfeld 
double XV (A) (resp. the generic composition algebra ^(A), the integral generic 
composition algebra %(A)). 

In Section[5]we have seen that for any indecomposable exceptional A-module 
V\, (u\) lies in the quantum group. Our first result is a stronger assertion which 
says that (u\) lies in the integral form of the quantum group and here V\ can 
be any (not only indecomposable) exceptional module. 

Theorem 6.1. Let A be a finite- dimensional hereditary k-algebra, V\ an excep- 
tional A-module, then (u\) lies in . 



12 



In Section [S] we will prove that (u\) € L(oo). So (u\) lies in Lz(oo). By 
abuse of language, we denote the image of (u\) in Lz(oo) / v -1 L%(co) still by 
(u\). Our second result is 

Theorem 6.2. Let A be a finite- dimensional hereditary k-algebra. Then for 
any exceptional module V\, 

(u x ) £ B(oo) U (-B(oo)). 

i.e. (ua) lies in the crystal basis up to a sign. 

7 Proof of Theorem 6.1 

Theorem 15.11 provides an inductive method to express (u\) as combinations of 
the Chevalley generators. If we can prove that in each step the coefficients of 
the formulas are in Z[w,w _1 ], we are done immediately for proving Theorem 
16.11 Unfortunately we could not achieve this since the derivations a S and S a are 
not [/^-stable. Instead, we will use Lusztig's symmetries which is known to be 
/Tz-stable. 

First we introduce some notations. For any exceptional pair (V a ,Vp), the 
subcategory C(a, (3) (Recall section [SJ is equivalent to mod- A' for some finite 
dimensional hereditary fc'-algebra A' which has two simple modules. Then the 
corresponding Hall algebra Jtf? (A') is a subalgebra of J^f(A) and the composition 
algebra ^ (A') is a subalgebra of ^(A) (note that the simple A'-modules viewed 
as A- modules are exceptional). Denote the Cartan datum of A' by A'. The 
generic composition algebra ^(A') is also a subalgebra of ^(A). Now denote the 
quantum group associated to A' by U'. Then we have an embedding U' + <—* U + . 
The discussion here means that an exceptional pair gives a sub-Hall algebra of 
Jf (A) which corresponds to a sub-quantum group (positive part) of U + . 

Thus everything in Section [3] and [4] works for A'. Suppose that k' is a finite 
field with q' = (v 1 ) 2 elements where v' = v a for some positive integers a. For 
V 1 e C(a,/3) we use the notation (it 7 )' = (v')- dim *' v -> +e 'Wu 7 in ^T(A') and 
the derivations are well-defined. Denote the two simple A'-modules by 

V Sl ,V S2 , the corresponding elements in Jff(A') by (u Sl )' and (u S2 )' . We have 
the (relative) symmetries T S1 , T S2 and T' Sl , T s ' 2 as in Section [U 

Lemma 7.1. For any V 7 £ C(a,[3), we have 

(!) ( u 7>' = K); 

(2) fi 7 \c(a,0) = 7^|c(a,/3) = t^' , 

where <5 7 |c(a./3) and 7 ^|c(a,/3) denote the restrictions of Sy and ^5 to J$?(A'). 
Proof. (1) By definition 

The number 

w -dim fc y T+e(7 ) = \/|End A (U 7 )| 

VI^HExU^,^)! 

is unchanged whether we consider V 7 as a A-module or a A'-module since the 
embedding C{a,(3) <— > mod-A induces isomorphisms on both Horn and Ext. 
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(2) We only prove the assertion for 6 y . Recall the definition of 5 1 in 3.3. 



5> A ) = 5><™><4 



per 



Since C{a,(3) is closed under kernels of epimorphisms, we can see that if V\ £ 
C(a,(3), those V p with u p occurring in the right hand side must be in C(a,/3). 
Note that 

vM = ^\Uom A (V 7 ,V p )\ 
^/\Ext A (V 7 ,V p )\ ' 

Hence the numbers v^ r ' p ' ,A 
VyjVpiVx as A-modules or A'-modules 



g", a p and a\ are unchanged whether we consider 

□ 



The following lemma is the key point of the proof. 

Lemma 7.2. For any indecomposable exceptional module V\, there exist a pos- 
itive integer n, subcategories c €i (1 < i < n) of mod-A and indecomposable 
exceptional A-modules V ai (1 < i < n + 1) where for each i, ^ ~ mod-Ai (here 
Ai is a finite dimensional hereditary algebra having exactly two simple modules 
Si t i and Sip) such that 

(u\) = (u n 



and for each 1 < i < n, 



■ T' 

1 S i} 



((«««)) 



where i±,i2, 



V ai = Si,i or S i>2 i.e. (u at ) = (its,,,) or (u Sit 
, idt € {1, 2} for each 1 < i < n. 



Proof. If V\ is simple, there is nothing to prove. So assume V\ is not simple. 
Then by Ringel (See [R5j Section 8) there exists an exceptional sequence (V\, V p ) 
or (Vfj,,V\) such that V\ is not simple in C(V\, V p ). 

We know that C(V\,V P ) is isomorphic to a finite dimensional hereditary 
algebra A' with just two simple modules and V\ viewed as a A'-module is pre- 
projective or preinjective. Denote the simple A'-modules by Vs 1 and Vs 2 - By 
Proposition 14.41 we have 



where i%, ■ 
of A', or 



lux) = T Su T s 



i m (ij € {1,2}, j = !,• 



, m) is a source sequence of the graph 



T k T 's, 



■ T k ,((«Su» 



where ii, *2> • " ' ; *m(*j G {1, 2}, j = 1, • • • , m) is a sink sequence of the graph of 
A'. 

Note that in the formulas above we should use ( )', but Lemma \7. 1( 1) told 
us ()' = (). 



The lemma follows by induction. 



□ 
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Now we can prove Theorem 16. II 

First let us see that theorem 16.11 holds for any indecomposable exceptional 
module V\. By the above lemma, in each step of the induction we are in 
some sub-quantum group, say U'. The symmetries arc [/^-stable and the coef- 
ficient ring is Z[i/,i/ _1 ] where v' — v a for some positive integer a. Obviously 
Z[w',i;' _1 ] C Z[u, u -1 ]. Hence (u\) lies in the integral composition algebra. 
The only thing we may worry about is whether the calculation is generic. But 
Theorem 15. II has ensured it. Thus (u\) is in U% . 

Next we consider the case V\ ~ sV p where V p is indecomposable exceptional 
(we also write sV p as V sp ). It is well known that (see |R5| . for example) we have 

(«.,} = (« P > W , 

Note that Lusztig's symmetries arc endomorphisms hence the right hand side is 
also in U% by Lemma I7T21 

Now we consider the general case. By induction we can reduce to the case 
that V\ ~ V sfl © Vtv where and V v are non-isomorphic indecomposable ex- 
ceptional modules. 

We need two lemmas. One gives the calculation of the filtration number g^p, 
that is due to Riedtmann |Rie| and Peng [P]. 



Lemma 7.3. For any K-modules V a , Vp and V 1 

7 _ a 7 |-BtaA(V r q, V/^yJ 
9a P ~ a a a(3\Hom A (V a ,V )\ 

where Ext\(V a , Vp)v^ is the set of exact sequence in Ext^iVa^Vp) with middle 
term Vj. 

The other one tells us how to compute the automorphism groups of decom- 
posable modules (See |CX] or [Z]). 

Lemma 7.4. (1) Let V\ be an indecomposable K-module with dimkEnd\(V\) = 
s and dimkradEnd\(Vx) — t, then 

a x = (v 2 ^ ~ l)v 2t 

(2) Let V\ = SiV\ 1 © • • • © s t V\ t such that V Xi ¥ V\ 3 for any i ^ j, then 

ax = v 2s a Sl \ 1 ■ ■ ■ a St \ t , 

where s = J2i^j s i s j dimkHomAiVx^Vxj) . 

(3) Let V\ = sV p with End\(V p ) — F and F is an extension field of k, then 

a x = n ( ds - dt )> 

0<t<s-l 

where d = \F\ = v 2 ^ . 
Now we can see that 

a sfJ ,a t v\iiom A {V sll ,Vt u )\ 



»-<*"•"•) |Hom A {Vtu , V Bli ) | {u sp(Btv 
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Hence we have 

(u x ) = (u sfimtv ) =v( tv < s rt- 2sm ™* n °^ v »' v »\u Sfi )(u tu ), 
which lies in U% and we are done. 

8 Proof of Theorem 6.2 

8.1 The pairing (-, -) R . Define a pairing (-,-)«: (A) x (A) -> Q(u) 

by 

for all /?,/?' € V . (This pairing was first proposed by Ringel, see |R4j ) 

Now we have two non-degenerate symmetric bilinear forms on namely 

(—,—)r and (— , — )k (recall Section [5]). We will deduce some properties of 

(— , —)r and compare it with (— , —)k- Note that in Lemma l3.31 we have proved 

that the derivations r[ and f[ coincide. 

Denote v E ^ by Vi. We have the following lemma. 

Lemma 8.1. For any i £ I and Ai, A2 € V , we have 

((u Xl ), (ui)(ux 2 })R = (1 - v^rVi^Ai)), {u\ 2 ))r, 
((ux,), (u\ 2 ){ui)) R = (1 -ur 2 ) -1 (( u Ai>,n«WA a »)ii- 

Proof. We only prove the first one. The proof of the second one is similar. By 
definition, we know that 

(u t )(u X2 )=v~^J29kM- 
\ev 

So we have 

((uA 1 ),<«i)<UA a ))jl = « (Al ' Al) - <A! " i> ^. 



On the other hand, we have 



K((«a 1 )) = e« m>+M) ^ 1 ^(^) ) 

Thus we have 



;,r aXl 



(ri((u Xl )), (u X2 )) R = v {iM)+(iM)+(W 9 l^i. 

Note that 

(Ai,Ai) = (X 2 + i,\ 2 + i) = (A 2 ,A 2 ) + 2(A 2 ,i) + 

and 

a i = («?-l)=«^(l-t; i - a r 1 . 
we are done. □ 
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By Lemma 18. II we can compute the pairing (—,—)# inductively, similar to 
Proposition [ 



Lemma 8.2. For any x, y € U + , we have 

(M)fl = i, 

(E i x,y) R = (l-vr 2 )-\x,fl(y)) a . 
Proof. By definition and Lemma 18. II we have 

(EiX,y) R = ({ui)x,y) R = (1 - «7" 2 ) _x (a;,r-(2/))j 

= (i-«r a )~ 1 (^/i(y))fl- 



□ 



Lemma 8.3. For anyx,y € J7 + , we /iaue {x,y)x € ^4 if and only if{x,y) R G A. 
In particular, 

(L{oo),L(oo)) R C A. 

Proof. First we have 

(1,1)« = (1,1)^ = 1- 
For any x,y € U + , by Lemma 18.21 we know 

(^a: ) tf)fl = (l-i;r 2 r 1 (a',/i(y))fl. 

Since (1 — i>j~ )~ 1 and 1 — uT" are both in j4, we have (-BiX, G A if and only 
if (x,fl(y)) R £ A. On the other hand, by Proposition ^. 21 

(E l x,y) K = (x,fl(y)) K . 

Now the assertion of this lemma follows immediately by induction. □ 

Hence the form (—,—) R induces a Q-bilinear form (— , —) R: o on L(oo)/u _1 L(oo): 

(a; + u -1 L(oo),j/ + v^Lfa))^ = (x,y) R + v~ 1 A 

for any x,y € L(oo). The next proposition says that the two pairings (x,y) R ^ 
and (x,y)K,a coincide. 

Proposition 8.4. For any x,y S L(oo), i/we denote their images in L(oo)/v~ 1 L(oo) 
still by x,y, then we have 

(x,v)r,o = {x,v)k,q- 
Proof. Just compare Proposition 12 . 21 and Lemma T8. 3 1 and note that 



□ 



1 v- 2 



l + — l - — * e l + « _1 A 



i - «.r 2 i - v~ 2 



Thus we can use the pairing (— , —) R instead of (— , —)k to characterize the 
crystal bases. 
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Lemma 8.5. We have the following characterizations of L(oo) and B(oo): 

L(oo) = {xe U + \(x,x) R G ^4}, 
B(oo) U (-S(oo)) ={i£ i z ((5o)/?;- 1 L z (oo)|(a;, arj^o = 1}. 

Proof. Recall Proposition I2.3f b) and I2.4f c) . The assertion of this corollary is 
an easy consequence of Lemma 18.31 and Proposition 18.41 □ 

8.2 The proof. We need to calculate the pairing ((u\) , (u\)) r for each 
exceptional module V\. 

First we assume that V\ is indecomposable. In this case the calculation is 
easy since the endomorphism ring of V\ is a division ring, namely 

N . u « (A ' A) |End A (y A )| 
a A |AutA(V*)| 

w 2e(A) l 



v 2e(A) _ J 1 _ „-2e(A) 
v -2e(A) 

= 1 + 1 - el + » A 

Secondly, for n-copies of an indecomposable V\ we get (using Lemma [7.4f 3)): 

«UA> W , (U A )W) H = ((u n x), (u nX )) = |EndA(KA)l 

w 2« 2 e(A) 



"no< f < fl -i(^" £(A) "« 2te(A) ) 

n, 57 — twtt el + D _1 A 
1 — 2(ra— t)e(A) 

0<t<n-l 

Now we can deal with any exceptional module V\. Assume V\ = siV\ 1 © 
• • • ffi SjV3i t such that V\; is indecomposable for any i and V\ ; ^ VV for any 
i =/= j ■ Thus 

|End A (160| = W 2 n=i»?*(Ai)+2* 

where s = s i s J dim fc Hom A (V r A I , Va 3 ■)■ 

By lemma ITU (2) we have a\ = v 2s a Sl \ 1 ■ ■ ■ a St \ t , hence 

((«A>, («A»fl = Taj 



v a SlXl ■ ■ ■ a StXt a si \ 1 ■ ■ ■ a StXt 



nuuo< tl < Si -i(^ sie{Xi) -^ us(Xi) ) 

n n ( rr^i^w ) ei+^A 



i=l 0<ti<Sj-l 

Thus we have proved that for any exceptional module V> , 
((u\), (u\))r S ^4 and ((«*), («a)).r,o = 1- 
Hence by Theorem 16.11 and Lemma 18.51 we reach our goal. 
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Remark 8.6. (1). In the rank 2 case (i.e. \I\ — 2 in the Cartan datum ), the 
sign can be removed (See fSj/ and \L2f ). However, it seems that their methods 
do not work in general. 

(2). The formulas given in Theorem \5.1\ can be viewed as an inductive algo- 
rithm to obtain certain crystal basis elements from the Chevalley generators. 

9 Remove the sign 

We have shown by algebraic methods that the elements corresponding to excep- 
tional modules lie in the crystal bases up to a sign. Intuitively the sign should 
be removed since it does for rank 2 case. In this section we will remove the sign 
with geometric methods due to Lusztig. For convenience, we only consider the 
case of symmetric Cartan datum. 

So let us consider a quiver without cycles, that is Q = (I, H, s, t), where I 
is the vertex set, H is the arrow set and two maps s, t indicate the start points 
and terminal points of arrows respectively, let F q denotes a finite field of q = p e 
elements, where p is a prime number. As in 3.1, we get a Hall algebra from the 
representation of A = F q Q, hence a realization of U + . 

Now we give a short review of two constructions by Lusztig. The first is the 
geometrical construction of Hall algebras. For any finite dimensional /-graded 
Fq-vector space W = J2iei ^> consider the moduli space of representation of 
Q: 

E w = 0Hom(ff s(p) ,^ iW ) 

The group Gw = Y\iciGL(Wi) acts on Ew naturally. Let Cq(Ew) be the 
space of Gv^-invariant functions Ew ~ » C. For c £ NI, we fix a /-graded F q - 
vector space Wc with dim VFr = c, and denote E £ — Ew c , G £ = Gw c ■ Then 
the multiplication can be defined in the C-space K = oem C(;(£ a ), which 
makes K an associative C-algebra. Corresponding to a € V, let O a C Ea be 
the Ga_-orbit of module V a £ Ea- We take 1 Q S Cc(/?a) to be the characteristic 
function of O a , and set f a — v q dlm ° a l a where v q = ^fq. Thus K is just the 
so-called Hall algebra if f a is identified with (u a ) for all a G V . 

The second is the construction of U + in terms of perverse sheaves. Ew can 
be defined over an algebraic closure of the finite field F p of p elements. Ew 
has a natural F p e -structure with Frobenius map: F e : E\y — > Ew- Thus the 
/^-rational points E^ of Ew provide an /^-structure as above. Let D(Ew) = 
D h c (Ew) be the bounded derived category of Q/- constructible sheaves; here I is 
a fixed prime number distinct from p and Q; is an algebraic closure of the field 
of Z-adic numbers. Let Pw be the set of isomorphism classes of simple perverse 
sheaves subject to some extra condition (see |Llj ). Then we can associate Pw a 
full subcategory Qw of D{Ew) and let Kw be the Grothendieck group of Qw- 
Hence Yiw gives a realization of U + with Yiw as hs bases, that is the 
canonical bases. 

For an exceptional module V\, 0\ is the corresponding orbit. We know from 
|L3j that the intersection cohomology complex 

JC(0 A ,Qi)=ji.(Qi)[dim0 A ] 
belongs to the canonical bases Pw of Kw where j is the natural embedding 
Ox — > Ew- 
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In |L4j . Lusztig considered the correspondence between functions on the 
moduli space and the elements of the canonical bases. In other words, he showed 
what kind of functions lies in the canonical bases when comparing the two 
constructions mentioned above. We will use the notations in |L4j from now on. 

We only need to consider a special kind of canonical bases, i.e. b = IC(0\, Qi). 
b corresponds to (6 e ) e >i, b e : E w — > Q/. Sometimes Qi can be identified with C. 
For x G E w , b e (x) is the alternative sum of the trace of the induced Frobenius 
map on the stalk at x of the i-th cohomology sheaf of IC(0\, Qi). 

b e (x) = ^(-^^rC^^iO^CQDfdimOA]) 

iGZ 

Now that 0\ is an open dense subset of Ew, we can deduce as follows. 
Firstly, the result below is due to Gabber: 

rr(^ e ;^(j !st (Q;)[dimO A ]) G q-^Z^ 1 } 
For x G Ew, F e (x) — x G 0\, we have 

Tr(F e ; ff*(j!^)[dimO A ]) = Tr(F e ; H^(O x ,Qi[dimO x ]) - r^W* 
While for y G Ew, F e (y) = y qt G\, any open neighborhood U y of j/, 
[/„nO A = [/^0^ HiiMQiMmOx}) S ^(j u (Q^)[dim£) A ]) 
So 6 e is actually a constant function 

fee = g ~ i ^(-l) dimC ^ = (-g2)-dimO A 

We remark that v = —q^ in the literature of |L4| . so b e = v~ dlm ° x . let O v 
be the orbit of y, we obtain: 



^-dimO^ 



0,\ 



b e \ 0y = v - dimEw l 0y = v -( dimE «- dim °y) v - d ™ yl 0y 

This means the image of b e in Li(co)/v~ 1 Lz(oo) is equal to that of (u\) 
in I/z(oo)/v _1 Lz(oo). Hence we obtain the finally result, which is a stronger 
version of Theorem 6.2. 

Theorem 9.1. Let A be a finite- dimensional hereditary k-algebra. Then for 
any exceptional module V\, we have 

(u x ) G B(oo). 

i.e. the image of (u\) in Lz(oo) /v Lz(oo) lies in the crystal basis. 
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